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On representation of DNA by line distance matrix
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Recently Line Distance (LD) matrix has been introduced as a novel route for char-
acterization of DNA sequences. The approach was based on construction of four sep-
arate submatrices for the four nucleotides, the first row of each of which records the
separation between the selected nucleotide and the remaining nucleotides of the same
kind. In this article, we consider an alternative representation of DNA by LD matrix in
which we construct a single matrix for each DNA sequence. The approach is illustrated
on the DNA sequence of the first exon of human β-globin gene.

1. Introduction

In mid-1980 the first attempts have been reported on graphical represen-
tation of DNA sequences [1–3]. In the following years several additional or
alternative graphical representation of DNA were introduced [4–7].The basic
idea behind these initial graphical representations of DNA was merely to facil-
itate visual inspection of long DNA sequences, which could perhaps help one
to qualitatively recognize similarities and dissimilarities between different DNA
sequences or their segments. About 15 years later an important novel feature to
accompany graphical representation of DNA was recognized: it has been pro-
posed that graphical representations of DNA allow construction of characteriza-
tion of DNA, which thus offer quantitative approach to measure the degree of
similarity and dissimilarity among similar DNA sequences numerically [8]. The
underlying idea of these numerical explorations of graphical DNA representa-
tions is to associate with DNA sequences, consisting of the four-letter alpha-
bet, A, C, G, T (standing for the four nucleotides: Adenine (A), Cytosine (C),
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Guanine (G), and Thymine (T), respectively), an ordered set of numbers, which
represent sequence invariants. Here as sequence invariants are understood vari-
ous sequence properties expressed numerically, which are, of course, independent
of the labels used to designate individual nucleic bases. For instance, the num-
ber of nucleotides N in a sequence is one such invariants, just as are the corre-
sponding numbers of NA, NC, NG or NT, which tell the number of A, C, G, and
T nucleotides in a DNA sequence, respectively. However, while all these num-
bers carry useful information about a DNA sequence, they are not very discrim-
inating, because there are many DNA sequences that may have the same set of
NA, NC, NG or NT numbers. The “art” in the search for numerical DNA char-
acterization by invariants is in finding those mathematical properties of DNA
sequences that would be sensitive to minor variations in DNA composition and
at the same time capture their important structural features.

In following years additional alternative graphical representations of DNA
followed [9–19], including also non-graphical representation of DNA [20–25].
In this way it was possible to express numerically the degree of similarity of
dissimilarity between two DNA sequences or parts there of. There are already
a number of alternative numerical characterizations of DNA sequences but,
just as has been the case with QSAR (the quantitative structure-activity rela-
tionship), where a large number of molecular descriptors have been introduced
[26–32] in order to characterize different structural aspects of complex molecules, so
the same is to be expected for characterization of widely different DNA sequences.
Hence, it is desirable to introduce additional DNA descriptors based either on their
graphical representation or constructed directly from the primary sequences. While
non-graphical representations of DNA have some disadvantage in respect to graph-
ical representations of DNA by not facilitating visual inspection of sequences, they
may have an important advantage over graphical representations in that numeri-
cal information extracted from such representations will not be obscured by ad hoc
geometrical elements that different graphical representations involve. In this contri-
bution, we consider one such novel non-graphical characterization of DNA, based
on the Line Distance (LD) matrix. We will outline selected properties of novel rep-
resentations on the DNA sequence based on the LD matrices and their invariants.
We start by first outlining the LD matrix, the entries of which are the lengths of the
line segments which define a line. We will follow with a discussion of several math-
ematical properties of the LD matrices that will be of interest for arriving at novel
characterization of DNA in a format of DNA “profiles.”

2. The line distance matrix

Let us start with by considering the line shown at the top of figure 1, which
is partitioned by points: n0, n1, n2, n3, . . . , nN , which fully define a line having N
segments. The particular line of figure 1 has nine segments, which are determined
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Figure 1. Four lines of the same length having different line intervals. The first two lines differ only
in distribution of line segments.

by integer coordinate x = 0, 1, 2, 6, 9, 10, 11, 12, 15, and 19. At the first sight
it appears that the set of coordinates offers all the information on the line and
that it would be hardly possible to obtain additional properties about the line,
which would not follow from straightforward arithmetic and algebraic manipu-
lations of the above numbers. For example, by subtracting the adjacent integers
one obtains: 1, 1, 4, 3, 1, 1, 1, 3, 4, which are the lengths of the successive line
segments. However, as we will show, it is possible to arrive at additional char-
acterizations of lines, which offer extraction of additional properties of the line
considered, which can then serve for numerical characterization of the line. Such
possibility, which has been only recently considered [33–36], is to associate with
partitioned lines a symmetrical N × N matrix, the elements of the first row of
which are defined as the distance between the first point (n0) and the remaining
points that define individual line segments (ni ): (n0 – n0), (n0 – n1), (n0 – n2),
(n0 – n3), . . .

The entries in the remaining rows of the matrix above the main diagonal to
the right are similarly defined by:

(ni − ni ), (ni − ni+1), (ni − ni+2), (ni − ni+3), . . .
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Table 1
The line distance matrix for the line A of figure 1.

1 2 3 4 5 6 7 8 9 10 Row Sum

1 0 1 2 6 9 10 11 12 15 19 85
2 1 0 1 5 8 9 10 11 14 18 77
3 2 1 0 4 7 8 9 10 13 17 71
4 6 5 4 0 3 4 5 6 9 13 55
5 9 8 7 3 0 1 2 3 6 10 49
6 10 9 8 4 1 0 1 2 5 9 49
7 11 10 9 5 2 1 0 1 4 8 51
8 12 11 10 6 3 2 1 0 3 7 55
9 15 14 13 9 6 5 4 3 0 4 73

10 19 18 17 13 10 9 8 7 4 0 105

Hence, the list of coordinates along the line: x = 0, 1, 2, 6, 9, 10, 11, 12, 15, and
19 represent the entries in the first row of the LD matrix. The second row is
obtained by subtracting the entry above the zero on the diagonal, which is entry
1, from the corresponding elements of the first row, giving, starting with the zero
on the main diagonal: 0, 1, 5, 8, 9, 10, 11, 14, and 18. The third row of the LD
matrix is obtained by subtracting again 1, the entry above the diagonal zero in
the third row, from the corresponding elements of the first row giving: 0, 4, 7,
8, 9, 10, 13, and 17. In the next row similarly we subtract 4, the entry above the
diagonal zero in the fourth row, from the corresponding elements of the first row
giving: 0, 3, 4, 5, 6, 9, and 13. In table 1, we show the complete LD matrix for
the line of figure 1. Observe that matrix elements adjacent to the main diagonal
represent the length of the individual line segments making the line. In fact the
LD matrix is nothing but the distance matrix for the points of the line defining
line segments.

The LD matrix is fully defined by the entries in its first row. It may appear
therefore that the information of the remaining rows is redundant. In this respect
the LD matrix bears relationship with the Toepliz matrices and the Hankel
matrices [37–41], which are also fully determined by the elements in its first row.
However, in contrast to Toepliz and Hankel matrices, the subsequent row of
which are obtained by cyclic permutations of the elements of the first row here
the successive rows are constructed by applying pertinent arithmetic manipula-
tions on the matrix elements of the first row. The novelty of the present approach
is that for the first time we associate matrix with a line. Introduction of a matrix
for representation of a line not only allows construction of additional line invar-
iants but also allows construction of additional matrices, the properties of which
may turn out to be of interest when comparison of different sequences is consid-
ered.
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3. Line matrix invariants

In this contribution, where we have in mind application of LD matrices for
characterization of DNA, we are interested in line segments that are expressed
by integers. Hence, as a result we will have LD matrices the elements of which
are integer. We have already illustrated one such smaller matrix in table 1. In
table 2, we have listed a selection of matrix invariants which can be considered
as Line Matrix descriptors. The average matrix element, the average row sum, or
the sum of all matrix elements is one such invariant. If the sum of all matrix
elements is divided by 2 one obtains the Wiener number [42] of the LD matrix.
The average matrix element and the average row sum contain the same informa-
tion as the Wiener number of the matrix, the three quantities differ only in the
constant of proportionality. We prefer to use the average row sum, because the
smallest and the largest row sums represent the lower and the upper bound to
the leading eigenvalue of the matrix, and thus often the average row sum is a
good approximation to the leading eigenvalue, which not only is easy to calcu-
late but is conceptually simpler quantity.

The eigenvalues of LD matrices represent also potential DNA descriptors.
It has been recently conjectured and then proved that the LD matrices have only
one positive eigenvalue [33]. This need not be so important in applications in
which often one only considers the leading eigenvalues of matrices. The aver-
age line segment, which is another line invariant, can be easily obtained from
the elements next to the main diagonal. In the case of the LD matrix of table
1 the average line segment happens to be 19/9 or 2.1111. Similarly one can cal-
culate the average of the entries that are in the diagonal next to the considered
diagonal, that is, the average of 2, 5, 7, 4, 2, 2, 4, 7, which or 33/8 or 4.125,
and so on. In this way in the case of the LD matrix of table 1 one obtains the
sequence:

2.1111, 4.1250, 6.1426, 8.0000, 9.8000, 12.0000, 14.3333, 16.5000, 19.0000
clearly one could derive this sequence also from the initial information on the
line given by coordinates: 0, 1, 2, 6, 9, 10, 11, 12, 15, 19, but its derivation and

Table 2
A selection of matrix invariants of the line distance matrix of table 1.

Invariant Description

N The size of the matrix
(Σdi j )/[N (N − 1)] (sum over i, j) Average matrix element
Σ{(Σdi j )/[N − 1]}/N (sum over j),{sum over i} Average row sum
W Wiener number
λ1 The leading eigenvalue
λi Eigenvalues
(Σdi j ) (sum over i, i < j) Sequence of average diagonal sums
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interpretation as the averages of selected off-diagonal elements of the LD matrix
is less cumbersome.

While the average of the entries that are in the diagonal next the main diag-
onal and another entries of the sequence shown above could be evaluated by suc-
cessive manipulations of the initial line entries there are line sequence properties
associated with LD matrix, which cannot be derived from the information on the
line but require construction of the matrix. Such are, for instance, the eigenvaules
of the LD matrix, the characteristic polynomial, and the eigenvalues of the
Lapalacian of LD matrix.

Observe that while the first row of the LD matrix conserves the information
on the distribution of different segments along the line if we consider manipu-
lating with the entries that constitute the list that gives the lengths of individual
segments: 1, 1, 4, 3, 1, 1, 1, 3, and 4, we are losing information relating to the
distribution of the segments. For instance, we can calculate the total length of
all segments, which is 19, and can follow by considering the total length of seg-
ments squared, that is, the sum 12+ 12+ 42+ 32+ 12+ 12+ 12+ 32+ 42, which is
55, and so on continue with higher powers of segments. In order to control the
convergence of so constructed sequence one has to introduce 1/n! as normaliz-
ing factor. The resulting sequence is listed in table 3 and illustrated in figure 2.

In figure 3, we illustrate “Line Profiles” for additional Line matrices listed
in table 4, for lines of the same length (shown in figure 1), which however have
somewhat different interval entries along the main diagonal. We included these
matrices in order to show how sensitive are the introduced profiles to minor
changes in line intervals. As we can see the line profiles of figure 3 are of simi-
lar shape with the Line profile of figure 2, but all three line profiles though hav-
ing the overall similar shape differ somewhat in their relative magnitudes. So we
may conclude that characterization of lines by LD matrices appears to be suffi-
ciently sensitive to minor changes in the length of line segments. Observe that
the matrix A and B though different, have the same number of segments of the
same length, and thus result in the same profile. This approach, which only con-
siders the average segment lengths (and similar entries based on higher powers

Table 3
The line profile for line A of figure 1 shown as bar graph in figure 2.

n = 1 19
n = 2 27.5
n = 3 31.17
n = 4 28.29
n = 5 21.16
n = 6 13.41
n = 7 7.37
n = 8 3.58
n = 9 1.55
n = 10 0.61
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Figure 2. The line profile for lines A and B of figure 1.

of segment lengths) cannot differentiate Lines A and B, which only differ in dis-
tributions of segments along the line. Hence, in those situations, as we will see
later, one has to resort to the complete LD matrices, rather then considering only
their intervals (given by elements next to the main diagonal).

4. Application of line distance matrix to DNA

4.1. A, C, G, and T distance matrices

We will illustrate application of LD matrix to DNA by considering the first
exon of the human β-globin gene shown below, in which for better visibility we
have grouped ten nucleotides into a single “word”:
ATGGTGCACC TGACTCCTGA GGAGAAGTCT GCCGTTACTG
CCCTGTGGGG CAAGGTGAAC GTGGATGAAG TTGGTGGTGA
GGCCCTGGGC AG
If we consider only adenine A then the following are the sites of 17 adenine
bases in the above sequence:
1, 8, 13, 20, 23, 25, 26, 37, 52, 53, 58, 59, 65, 68, 69, 80, 91
The difference, that is, the distance, from the first point on the line gives the first
row of the 17 × 17 LD matrix shown in table 5: 0, 7, 12, 19, 22, 24, 25, 36, 51,
52, 57, 58, 64, 67, 68, 79, 90
The LD matrix of table 5 is one of four such matrices representing the first exon
of the human β-globin gene that can be constructed. The remaining three matri-
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Figure 3. The line profile for lines C and D of figure 1.
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Table 4
The LD matrix for the lines B, C, and D of figure 1.

1 2 3 4 5 6 7 8 9 10 Row Sum

B
1 0 1 4 7 8 12 13 14 15 19 93
2 0 3 6 7 11 12 13 14 18 85
3 0 3 4 8 9 10 11 15 67
4 0 1 5 6 7 8 12 55
5 0 4 5 6 7 11 53
6 0 1 2 3 7 53
7 0 1 2 6 55
8 0 1 5 59
9 0 4 65

10 0 97
Total 682

C
1 0 1 2 6 10 11 12 13 15 19 89
2 0 1 5 9 10 11 12 14 18 81
3 0 4 8 9 10 11 13 17 75
4 0 4 5 6 7 9 13 59
5 0 1 2 3 5 9 51
6 0 1 2 4 8 51
7 0 1 3 7 53
8 0 2 6 57
9 0 4 69

10 0 101
Total 686

D
1 0 1 6 8 9 11 12 14 15 19 95
2 0 5 7 8 10 11 13 14 18 87
3 0 2 3 5 6 8 9 13 57
4 0 1 3 4 6 7 11 49
5 0 2 3 5 6 10 47
6 0 1 3 4 8 47
7 0 2 3 7 49
8 0 1 5 57
9 0 4 63

10 0 95
Total 646

ces associated with cytosine, guanine, and thymine are obtained by considering
the successive sites for C, G, and T, respectively:

C: 7, 9, 10, 14, 16, 17, 29, 32, 33, 38, 41, 42, 43, 51, 60, 83, 84, 85, 90
G: 3, 4, 6, 12, 19, 21, 22, 24, 27, 31, 34, 40, 45, 47, 48, 49, 50, 54, 55,

57, 61, 63, 64, 67, 70, 73, 74, 76, 77, 79, 81, 82, 87, 88, 89, 92
T: 2, 5, 11, 15, 18, 28, 30, 35, 36, 39, 44, 46, 56, 62, 66, 71, 72, 75, 78, 86

Which lead to 18 × 18, 35 × 35, and 19 × 19 matrices.
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Table 5
The line distance matrix for the line depicting separations of successive adenine bases of the first

exon of human β-globin gene.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 0 7 12 19 22 24 25 36 51 52 57 58 64 67 68 79 90
2 0 5 12 15 17 18 29 44 45 50 51 57 60 61 72 83
3 0 7 10 12 13 24 39 40 45 46 52 55 56 67 79
4 0 3 5 6 17 32 33 38 39 45 48 49 60 72
5 0 2 3 14 29 30 35 36 42 45 46 57 69
6 0 1 12 27 28 33 34 40 43 44 55 67
7 0 11 26 27 32 33 39 42 43 54 66
8 0 15 16 21 22 28 31 32 43 55
9 0 1 6 7 13 16 17 28 40

10 0 5 6 12 15 16 27 39
11 0 1 7 10 11 22 34
12 0 6 9 10 21 33
13 0 3 4 16 27
14 0 1 13 24
15 0 12 23
16 0 11
17 0

Selected properties of such matrices can be used in a comparative study of
β-globin gene DNA sequences of different species. In figures 4–7,
we have depicted the corresponding A, C, G, and T profiles, respectively, which
are obtained by raising the LD matrix elements (such as those shown for Dis-
tance matrix belonging to adenine in table 5) to higher powers, while using
1/n! as the normalization factor. As one can see all the four profiles are of similar
shape, but they differ dramatically when the y-coordinate scale s are compared.
In the case of A the maximal height of profile “bars” approaches 350,000, in the
case of C the maximal height of profile “bars” exceeds 800 millions, in the case
of G the maximal height of profile “bars” does not even reaches 1400 and In
the case of T the maximal height of profile “bars” approaches 6000. The critical
quantity which determined the “height” of the profiles is the maximal segment
separation of the identical bases, which are in the case of A, C, G, and T matri-
ces 15, 23, 9, and 10, respectively.

4.2. Global DNA distance matrices

The LD matrix has been introduced [33–36] for characterization of distribu-
tion of the four bases in DNA by considering separately each of the four bases.
In this way a single sequence of DNA has been represented by four LD matri-
ces, the size of which depended on the numbers NA, NC, NG or NT. Conse-
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Figure 4. The line profile based on 17 × 17 line distance matrix for adenine.
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Figure 5. The line profile based on 187 × 18 line distance matrix for cytosine.
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Figure 6. The line profile based on 35 × 35 line distance matrix for guanine.
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Figure 7. The line profile based on 19 × 19 line distance matrix for thymine.
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Table 6
The first exon of human β-globin gene and accompanying numerical sequence in which entries

indicate π /2 segments between successive bases placed on the periphery of a circle.

A T G G T G C A C C T G A C T C C T G A
0 1 1 4 3 1 1 1 3 4 2 1 2 3 2 2 4 2 1 2
G G A G A A G T C T G C C G T T A C T G
2 4 2 2 2 4 2 3 2 2 1 1 4 3 3 4 3 3 2 1
C C C T G T G G G G C A A G G T G A A C
1 4 4 2 1 3 1 4 4 4 1 1 4 2 4 3 1 2 4 3
G T G G A T G A A G T T G G T G G T G A
3 3 1 4 2 1 1 2 4 2 3 4 1 4 3 1 4 3 1 2
G G C C C T G G G C A G
2 4 1 4 4 2 1 4 4 1 1 2

quently sequences of DNA for which NA + NC + NG + NT = constant will be
treated differently if they have the same NA, NC, NG or NT or not, which trans-
lates into different treatment of permutation of two nucleotides from substitution
(which would change NA, NC, NG or NT. It would be desirable and of interest to
develop computational approach in which DNA representation would be based
on a single LD matrix, rather than a set of four such matrices. That this indeed
is possible will be demonstrated in this section.

Let us consider the same DNA sequence of the first exon of human β-glo-
bin gene shown before. Our intention is to replace the four-letter sequence by
numbers, and we want these numbers to be associated with distance between
nucleotides. One way of doing this is shown in table 6. We will associate with the
four nucleotides A, T, G, and C the four locations on the unit circle. Such choice
is related to the selection of the four directions of the positive and the nega-
tive coordinate system as Nandy used in his graphical representation of DNA
[6], and the four corners of a square of Jeffrey in his constructions of “chaos
game” representation of DNA [43]. The chaos game is an invention of Barnsley
[43], who considered geometrical construction based on selecting an arbitrary n
polygon and selecting at random a point inside it. From this point one moves
assumed fraction of distance toward another vertex of the polygon selected at
random and continues the “game” indefinitely. Jeffrey’s construction of highly
compact representations of DNA is based on using a square, starting from the
center and moving toward the corner assigned to the base. From this point one
moves half a way to the corner assigned to the second base, and so on. In this
way one is always on the interior of the A, C, G, T-square, regardless how many
bases in DNA one considers.

In contrast to the approach of Jeffrey here one starts with the first nucle-
otide A and move along the circle periphery in positive sense (i.e., anticlock-
wise) to record the number of “quarter”-segments needed to reach the next base
(figure 8). We measure the distance between the successive bases by counting the
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A G

T

C

Figure 8. The unit circle with the four bases placed on the circumference of the circle.

quadrants (or π/2 arcs) that ore required to pass to come from one base to the
next. Thus the distance from the first base A to the adjacent T equals 1, from T
to the adjacent G again the distance is 1 but the distance between the two adja-
cent G bases equals 4, because we have to pass a full 360◦ to come again to G.
In the second row of table 6 we have listed the distances between the adjacent
bases, which, except for the initial zero, can take values between 1 and 4. The
entry 1 are associated with the successive pairs of nucleotides AT, TG, GC, and
CA, the entry 2 with the pairs AG, TC, GA, and CT, the entry 3 with the pairs
AC, TA, GT, and CG, and finally the entry 4 belonging to distances between
pairs of the identical bases. Observe that the entries 1–4 in the second row of
table 6 are not associated with individual nucleic bases, as has been the case with
the graphical representation of DNA based on the “four” horizontal lines [9].
Here the same entry can stand sometimes for A, sometimes for T, G or C. It
may appear thus that there is loss of information in transforming the four let-
ters DNA sequence to the four integers sequence of table 6 but this is not the
case. It is not difficult to reconstruct the DNA sequence from the entries of the
second row when one knows the cyclic ordering A–T–G–C.

The 10 × 10 matrix of table 1 is in fact the initial part of the 92 × 92 LD
matrix of the DNA sequence of the first exon of human β-globin gene, the seg-
ments of which are listed just below DNA sequence of table 6. In figure 9–11
we have shown the resulting profiles for the 92 bases of the first exon of human
β-globine gene, mouse β-globin gene and lemur β-globin gene. Visual inspection
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Figure 9. The line profile based on the 92 × 92 line distance matrix for the first exon of human
β-globin gene.
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Figure 10. The line profile based on the 92 × 92 line distance matrix for the first exon of mouse
β-globin gene.
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Figure 11. The line profile based on the 92 × 92 line distance matrix for the first exon of lemur
β-globin gene.

shows that all the three profiles are similar, though smaller differences can also
be noticed, particularly when one compares the scale on the y-coordinates.

5. Comparison of different DNA sequences

It has been only recently recognized that “transformation” of alphabetic
biosequences (such as A, C, G, and T into numerical sequences offers novel
important possibilities in comparative study of DNA [44–49]. Simple arithmetic
manipulations allow one to identify similar segments in lengthy DNA sequences.
The same applies also to numerical sequences such as the DNA sequence of
table 6, in which entries between 1 and 4 appear. In figure 12, we have plotted
for human, mouse and lemur the difference between the corresponding sequences
of their first exon of β-globin gene. As we see in the case of the pairs human–
mouse and human–lemur we can immediately by inspection see a greater simi-
larity for the pair human–mouse than human–lemur. Simple quantitative index
of similarity is given by the quotient NO/NØ, where NO and NØ stands for the
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Figure 12. The numerical difference between DNA sequences of the first exon of human, mouse,
and lemur globin gene.
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count of zeros and the count of non-zero elements in the difference plot. In the
case of figure 12, we have NO/NØ = 71/21, and NO/NØ = 56/36, respectively,
for the human–mouse and human–lemur cases. These results may have not been
expected, but is not surprising after recent study that has shown a considerable
similarity between human and rodents, than was suspected [50]. Finally, we may
observe from Figure 12 that lemur–mouse is the least similar pair of the three
considered, with NO/NØ = 49/43.

6. Summary

We have outlined construction of DNA “profiles” as novel descriptors of
DNA or fragments thereof. Profiles are calculated from the information on
the lengths of segments of lines that serve for representation of DNA. As has
been outlined the constructed DNA “profiles” appear to be sensitive enough of
changes in compositions of DNA and at the same time it appears that they carry
important structural information in their numerical representations. It is inter-
esting to observe that although the corresponding segments of DNA belonging
to the first exon of β-globin gene of human and mouse have greater number of
identical bases in the corresponding locations in the DNA sequence the over-
all similarity between human and lemur when expressed via the corresponding
DNA profiles (figure 12) show greater similarity than do human and mouse case.
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